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s) + q2(p
s) = d
¦SUT}Y|Wmis«Wg¨©sum
afkW|W|W~n Y/m
Sj
n~e(giTWY!j
JSj (q1(·), q2(·)) = p
sqj(p
s)− cjqj(p
s)2.
[]s£°£"YY!¬WxXZn j}Y<goTWY(ekW|}|W cL¨©kWj}gon~sujgiT}xgwun~±uY8e7¨©sumxjdc]|WminqY
p
giTWY|}mosffk}gon~sujOgiT}xgXZx¬fn XZn~¶!Y/e
giTWY]Y/±x~k}xgin sCj¨©kWj}gon~sujsu¨²goTWYOeokW|W|W~n Y/m (Í§p0k}xgin sCju
5
¦^IsCmoY|}moY8nqeY/ cCªu¨©sCmY/xC#T«W¬fY/|WmonqY
p
ª
giTWYsu|Wgon~XZxu³p0k}xj0gon ghcgisWmon~jWw5sujﬀgoT}YXZxumo¢CYg(¨©sum]adk}|W|W~n Y/m
Sj
nqe
Qˆj(p) = argmax
q
pq − cjq
2 =
p
2cj
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sumgoTWYegom#xgiY!wucO|Wmis«@ Y
(Qˆ1(·), Qˆ2(·))
ªgiTWYUXZxumo¢CYg|WmonqY(nqe
pw
eok}#T'giT}xg
Q̂1(p
w)+Q̂2(p
w) = d
ª
ﬁﬂ-
.-
pw =
2dc1c2
c1 + c2
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qw1 =
dc2
c1 + c2
xuj}
qw2 =
dc1
c1 + c2
,
~Y/xCfn~jWw5gos5goTWY|}mosu«Wgie/ª
JwS1 =
d2c22c1
(c1 + c2)2
xj}
JwS2 =
d2c21c2
(c1 + c2)2

YeT}s£jWs£goT@xgOgoTWYZ|}xun m
(Q̂1(·), Q̂2(·))
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¦
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Y5eT}s£+giT}xg
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ﬁﬂ-
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S2
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 
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giTWYfY!Xxuj}
d
¦SUTWnqeeon¥gik}xgin sCjﬀ/xjﬀ@YeoY!Y!jKxueeokW|W|} n~Y!m
S2
!suXZ|W~YgoY8e(goTWYp0k}xujCgin¥ghcs¨eokW|W|} n~Y!m
S1
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sumxjdc
p
ª}fY/jWsgiY/e
ψ2(p)
ªfgiTWY'p0k}xj0gin¥ghc
ψ2(p) = p(d− Q̂1(p))− c2(d− Q̂1(p))
2.
ψ2(p)
miY!|}moY8eY/jCg#e"goTWY'|}mosu«Wgs¨ìek}|W|W~n Y/m
S2
ªWn¥¨<giTWY'|Wmin~!Y{«W¬fY/KdcgoT}Y'Xxmi¢uYgnqe
p
xj@ﬀeokW|W|} n~Y!m
S1
ehgin~#¢fe(sujﬀgoT}Y'ehgimixgoY!wCc
qˆ1(·)
¦
LY!±CY!~su|Wn~jWw
ψ2(p)
n¥g]!suXZY/e(giT}xg
ψ2(p) =
1
4c21
(2dc1 − p)(2pc1 − 2c1c2d+ c2p).
[]sgiYLgiT}xg
ψ2(p
w) = JS2(Q̂1(·), Q̂2(·))
¦ì´ñ¨£"YOY/±¸xu k@xgoY{n~j
p = pw
giTWYfY!min~±¸xgon~±uY{s¨
ψ2(p)
£n goT
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p
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dψ2
dp
(pw) =
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c1 + c2
> 0.
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£(sukWq$Y'$YgogoY!m]s¨ìfY!±dnqxgon~jWw5¨©misuXgiTWY'egom#xgoY/wuc
qˆ2(·)
gisZn j}Wk}Y'xujTWn~wuT}Y!m|Wmin~!Yu¦  Y'!xujﬀeoY!Y{goT@xg
ψ2(·)
xggixun j@eUn¥g#eXx¬fn XykWX¨©sCm
p∗ =
2dc1(c1 + c2)
2c1 + c2
.
i]Y!j}!YxjdcekW|}|W c®¨©kWj}gon~suj
q2(·)
eok}#TgoT@xg'giTWYeosu~kfgon~suj su¨
qˆ1(p) + q2(p) = d
wun~±uY8e
p = p∗
!suj}egon gokWgoY/eOx@Y8ehgmiY/eo|@sCj}eoYysu¨(adkW|W|} n~Y!m
S2
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Q̂1(·)
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S1
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q∗2(·) = d − Q̂1(p
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¦{SUTWn~e]sud±dn sCk}eo c
nqexZ|Wmis«Wg#xW~YOfY!±dnqxgon~sujﬀ¨©sCm]adkW|W|W~n~Y!m
S2
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su¨(egom#xgiY!wun~Y/e
(Q̂1(·), q∗2(·))
n~e
p∗
ª²goTWYp0k}xuj0gon gon~Y/eOesC~xmiY5moY8e|$Y/gon~±uY!~c
qˆ1(p
∗)
xuj}
d − qˆ1(p∗)
ª
xuj}¨©mosCXgiTWY'|WmiY!±dn~suk}e/xqkWqxgin sCj}e/ªfgoTWY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¦
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d = 1
xj}
C1(q) = q
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C2(q) = 2q
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£(YOsufg#xn~jgiTWYsu|Wgon~XZxu²XZsujWsC|@sC nqehgin~Op0k}xujCgin¥gin Y8e
Qˆ1(p) =
p
2
, Qˆ2(p) =
p
4
.
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ek}|W|W~n Y/mieUk}eoYOgoT}Y|WmonqY'egom#xgiY!wCn Y8e(WY«}jWY8Kdc
qj(p) = Q̂j(p)
ªfgiTWY'miY/eokW gon~jWwZ|WmonqYsCjﬀgoTWY
Xxumo¢CYgU£n ~³$Y
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ek}#TgoT@xg
Q̂1(p
s) + Q̂2(p
s) = d = 1,
giT}xg5n~e5eok}#T°goT}xg p
2 +
p
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giT}xgZn~e
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giTWYp0k}xujCgin¥gin Y8esu¨
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qs1 =
2
3
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qs2 =
1
3
¦SUTWnqeWmin jWw5giTWY!X goTWYmiY/eo|@Y8¡gin ±CYL|Wmis«}gie
JS1(
2
3
,
1
3
) =
4
9
,
xj@
JS2(
2
3
,
1
3
) =
2
9
.
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egonq#¢de"sujn¥g#e(#T}sunqY
Q̂1(q) =
p
2
ªfxj}eokW|W|$sCeoYLgoT}xg
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k}eoY/e"goTWY
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q˜2(q) =
1
4
¦
[]s£ giTWY'~Y/xumon~jWw5|WmonqY
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nqeek@#TgiT}xg
ps
2
+
1
4
= 1,
giT}xgnqe
ps = 32
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S1
xj@
S2
xmiY
Q̂1(
3
2 ) =
3
4
xj@
q˜2(
3
2 ) =
1
4
ª £TWn~ YgoTWY/n m
|}mosu«WgieU$Y/!suXZY
JS1(Q̂1(·), q˜2(·)) =
9
8
xuj}
JS2(Q̂1(·), q˜2(·)) =
2
8
>
2
9
= JS2(Q̂1(·), q˜2(·)).
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(Q̂1(·), Q̂2(·))
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Sj
#TWsds0eY8egiTWY~n jWY8xm|Wmisffk}gon~suj¨©kWj}¡gin sCj
qj(p) = ajp− bj , aj > 0, bj > 0,
eosxue(gis5Xx¬dn~XZn ¶/Y{goTWY|Wmis«}gUwCn ±CY!jﬀdcuª
psqj − cjq
2
j ,
£T}Y!miY
ps
nqeygoTWYﬀ|Wmin~!Y«W¬fY/ dc®giTWYﬀXZxumo¢CYg8ª<xuj}
qj
giTWYKpCk@xj0gon ghc°@sCkWwuT0gydcgoT}YXxmi¢uY!g'gos
afkW|W|W~n Y/m
Sj
¦
SUTWYXxumo¢CYgmoY8xugie"gosZgiTWY|}xn~m
(q1(·), q2(·))
sCmY/p0kWn~±x~Y!j0go~cgos
((a1, b1), (a2, b2))
0c«W¬fn jWw
giTWY'~Y/xumon~jWw5|Wmin~!YLgis
ps
ek}#TﬀgiT}xg
q1(p
s) + q2(p
s) = d
¦ì´ñg]!suXZY/e(giT}xg
ps =
b1 + b2 + d
a1 + a2
.
z"sCj}eoY/p0kWY!j0gi cZgiTWY|Wmis«Wg¨©sCmY/xu#Tﬀek}|W|W~n Y/mn~e(2xuexy¨©kWj}gon~sujKs¨
(a1, b1, a2, b2)
5
ª
psqj(p
s)− cjqj(p
s)2,
(2Ł
5
giT}xgnqe
JS1(a1, b1, a2, b2) =
(b1 + b2 + d)(a1b2 + a1d− b1a2)
(a1 + a2)2
−
c1(a1b2 + a1d− b1a2)2
(a1 + a2)2
,
(2C
5
xuj}
JS2(a1, b1, a2, b2) =
(b1 + b2 + d)(a2b1 + a2d− b2a1)
(a1 + a2)2
−
c2(a2b1 + a2d− b2a1)2
(a1 + a2)2
,
(23D
5
 
sum³giTWY|@xn~m³s¨f|Wmisffk}¡gin sCjO¨©kWj}gon~suj}e
(q∗1(·), q
∗
2(·))
sum£n¥giTxeo n~wuT0g xuWk}eoYs¨fjWsugixgin sCj³ª8¨©sum goTWY
|@xn~m
((a∗1, b
∗
1), (a
∗
2, b
∗
2))
gis'@Y{x'[]xCeTY/p0kWn~ n~Wmin kWXKªCgoTWY]«}m#ehgsCmiWY!m"!suj}Wn¥gin sCj}eì¨©sCmXx¬fn~X5n~¶/xgon~suj³ª
Xyk}egUT}suqgimok}YuªWeosy¨©sCm
j = 1, 2
ªf£"YOXk@ehgT}x¸±CY
∂JSj
∂aj
(a∗1, b
∗
1, a
∗
2, b
∗
2) = 0,
xj}
∂JSj
∂bj
(a∗1, b
∗
1, a
∗
2, b
∗
2) = 0.
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SUT}n~e/xjﬀ@YmiY!£min¥gogoY/jKxCe
A(d + b∗1 + b
∗
2)
(a∗1 + a
∗
2)
3
= 0
A
(a∗1 + a
∗
2)
2
= 0
B(d+ b∗1 + b
∗
2)
(a∗1 + a
∗
2)
3
= 0
B
(a∗1 + a
∗
2)
2
= 0
£T}Y!miY
A
xuj}
B
xumoYOfY!«}jWY/ﬀdcuª
A = 2b∗1a2 + 2b
∗
1c1a
∗2
2 − a
∗
1b
∗
2 + a
∗
2b
∗
2 + a
∗
2d− a
∗
1d− 2c1da
∗
2a
∗
1 − 2c1b
∗
2a
∗
2a
∗
1,
B = 2b∗2a
∗
1 + 2b
∗
2c2a
∗2
1 − a
∗
2b
∗
1 + a
∗
1b
∗
1 + a
∗
1d− a
∗
2d− 2c2da
∗
1a
∗
2 − 2c2b
∗
1a
∗
1a
∗
2.
Sx¢dn~jWw5n j0gosxC!!sukWj0g(goT}xg
a∗j > 0, b
∗
j > 0
giTWY'eocdegoY/X (20
5
/xjﬀ@YmiY!£min ggoY/jﬀxCe
A = 0
xj}
B = 0.
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aj > 0
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bj > 0
a∗1 = a1, a
∗
2 = a2,
b∗1 =
(1 + 2c2a1)(a1 + 2c1a2a1 − a2)d
2c2a2a1 + 2c1a2a1 + a1 + a2
,
(2  
5
b∗2 =
(1 + 2c1a2)(a2 + 2c2a1a2 − a1)d
2c1a1a2 + 2c2a1a2 + a2 + a1
.
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[LxueoTIY/p0kWn~ n~Wmin k}Xﬀª (Í  
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sum
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q11 =
−β1 + β2 + 3α2d1 + 2δ21 + δ12
3(α1 + α2)
,
q21 =
β1 − β2 + 3α1d1 − 2δ21 − δ12
3(α1 + α2)
,
q12 =
−β1 + β2 + 3α2d2 − 2δ12 − δ21
3(α1 + α2)
,
q22 =
β1 − β2 + 3α1d2 + 2δ12 + δ21
3(α1 + α2)
,
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S2
ª}moY8e|$Y/gon~±uY!~cnqe
q11 + q12 =
−2β1 + 2β2 + 3α2.(d1 + d2) + δ22 − δ12
3(α1 + α2)
,
q21 + q22 =
2β1 − 2β2 + 3α1.(d1 + d2) + δ12 − δ21
3(α1 + α2)
.
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5
xumoY
x =
n1
3d
, y =
n2
3d
.
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!sCeg/ªd¨©sCmUgoTWY'eokW|W|W~n~Y!m#exmiY
(α1(q11 + q12) + (β1 − C1))(q11 + q12), (α2.(q21 + q22) + (β2 − C2))(q21 + q22),
miY/eo|$Y/¡gin ±CY!~cuªWn~jI£TWnq#TKgoTWYyx$s±uYOY/p0k}xgon~suj}eU¨©sCm
q11 + q12
xj}
q21 + q22
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α1x
2 + (β1 − C1)x, α2y
2 + (β2 − C2)y.
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β1
xuj}
α1
xj}goTWYOeoY/sCj}sCjWY]£n goT
miY/eo|$Y/¡g]gos
β2
xuj}
α2
¦]SUTdk}e]sujWYysufg#xn~j}e]xuwCxn~jIx[]xCeT­Y/p0kWn~ n~Wmin kWXKª$Wkfg{jWs£ sujIgiTWY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¦SUTWnqeU Y8xuWe(gis
x2 + 2α1x
∂x
∂α1
+ (β1 − C1)
∂x
∂α1
= 0, 2α1x
∂x
∂β1
+ x+ (β1 − C1)
∂x
∂β1
= 0.
xuj}
y2 + 2α2y
∂y
∂α2
+ (β2 − C2)
∂y
∂α2
= 0, 2α2y
∂y
∂β2
+ y + (β2 − C2)
∂y
∂β2
= 0.
afn j}!Y
∂x
∂α1
=
n1
−3d2
,
∂x
∂β1
=
−2
3d
,
∂y
∂α2
=
n2
−3d2
,
∂y
∂β2
=
−2
3d
,
é
ÛÜ
é
á
 
	
	ﬀﬁﬂﬁ
ﬃ "!#
 
sCjWYOsufg#xn~j}e
n1((n1 − 3β1)d− 2α1n1)
9d3
= 0,
−4α1n1 + 3d(n1 − 2β1)
9d2
= 0,
n2((n2 − 3β2)d− 2α2n2)
9d3
= 0,
−4α2n2 + 3d(n2 − 2β2)
9d2
= 0,
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d = α1 +α2 6= 0
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¶!Y/mos
5
ªdTWs£(Y!±CY!m8ªCx~£Ux¸cde Y8xuWegos
d = 0
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uMi
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= qji
goT}xggoT}YXxmi¢uYg#e
M1
xuj}
M2
£n~ @WkWcC¦<SUT}Y/eoY¨©kWj}gon~suj}e
£n~~$$YOn j@fn~/xgiY/ﬀxue
uPj = γj(uM1 , uM2), j = 1, 2
¦ìSUTdk}eUxjn jd±CY!m#eYOa0gixC#¢uY!~$Y!miw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$Y!Y/jﬀ¨©sumiX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JM1(uM1 , uP1 , uP2), JM2(uM2 , uP1 , uP2), JS1(uM1 , uM2 , uP1), JS2(uM1 , uM2 , uP2).
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JM1(uM1 , uP1 , uP2)
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uPj = γj(uM1 , uM2), j = 1, 2
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JM1(uM1 , uP1), JM2(uM2 , uP1), JS1(uM1 , uM2 , uP1).
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u∗M1 , u
∗
M2
, u∗P1
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uP1 = γ1(uM1 , uM2) = α1uM1 + α2uM2 + α3.
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+ α2u
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+ α3,
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∗
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, γ1(u
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, u∗M2))
∂uMi
= 0, i = 1, 2.
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JM1(uM1 , uP1 , uP2), JS1(uM1 , uP1), JS2(uM1 , uP2).
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